—

Honlinesr Progreamming
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- {s with empty intex'iors can, in cffect, be handled by the above
,c-csu“-s- The convexity reqm.rcmcnt on X°is of course a restriction which
nnot e dispensed with cns:l)j. (See.however [Halkin 66, Canon et al.
6], If we replace the convexity requirement on X° by the requirement
(hat X0beopen, & stronger necessary optimality condition than the above
one can be ob.[mncd. In effect this will be an extension of the Fritz John
StntionﬂfJ"Po{"t necessary optimality theorem 7.3.2 to the case of non-
Jincar equalities, We shall give this result in the next section of this

chapter-

ex St

3. Fritz John and Kuhn-Tucker stationary-point necessary
optimality criteria: X° open
We derive in this section necessary optimality criteria of the Fritz John
und Kuhn-Tucker types from the minimum principle of the previous
section.
Fritz John stationary-point necessary optimality theorem
- [Mangasarian-Fromovitz 67a)
Lel X° be an open sel in R°. Let 0 be a numerical function vn X°

let g be an m-dimensional vector function on X, and let ) be a k-dimensional
vector function on X°. Lel I be a (global) solution of the minimizalion

problem
§(z) = min 6(z), T € X ={z|z€EX%g(@ =0, h(z) = 0]
€EX
or a local solution thereof, that is,
0z = min 6(x) EEXNBE)
TEXNBy(#)
where By(£) is an open ball around I with radius 6. Lel 8 and g be differen-
s first partial dertvatives al Z. Then

tiable at %, and let h have continuou
there exist 7o € R, 7 € R~ § € R* such that the following condilions are

salisfied

798(7) + 7Vg(Z) + §VA(Z) =0
fg(z) =0
(70,7) 2 0

(70,7,8) # 0
PROOF Let  be a global or loval solution of the minimization problem.
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Ilf cilher_ case (since X® is open) there exists an open ball 8,08 xrvund £
with radius p such that B,(f) C Bi(i) C X*, and

0(z) = réu;w oz) zZE€X'=I[z|zE€BEg1) £ 0, k(z) = 0]
Since B,(Z) is a convex sct with 2 nonempty interior, we have by the
minimum principle /1.2.3 that there exist 7o © R, 7 € R, B € I such

that

[7e¥0(2) + 7Vg{F) + D)z - 20 for all z € B,(%)
fe(#) = 0
(7o7) 2 0

(7o,7,3) # 0

Since for some small positive I
7 — [foV6(2) + (D) + sTh(2)] € B,(2)

we have from the fint incquality nbove that

fva(E) + ogtn + soh(@) = 01
To derive Kuhn-Tucker conditions from the nbove,
ations on the problem.

we need Lo

imposc constraint quuhlic
The Kuhz-Tucker constraint qualification (sce 7.3.9)
Let Y0 be an open set in Re, let g and I be m-dimensional end
k-dimensional vector functions on Xo, and let
X = |z|z EX°glx) £0, h(z) = 0]

g and h are said to satisfy the Kuhn-Tucker constraint qualification at

7€ X if g and & are differentiable at £ and
There exists an n-limensional vector function
¢ on the ‘aterval }),1] such that

, € R° a. e(0) = 1
o)y £ 0 ={ b e(r) EXfor0 721
Ch(z), =0 c. ¢is differentintic at 7 = 0 :md‘gd(o—) =AY
T

for some X > 0

where

I=lilg.2) =0}
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The weak Arrow-Hurwicz-Uzawa

'see 10.2.9) constraint qualification

£t X° be an open set in R*

i : let ; .
k-dime: sional vector functions on X0 et g and A be m-dimensional and

, and let
X={ IIEXﬂ,g(z)go'h(z)='0]

and 1 . .
g ¢ are said to satisfy the weak Arrow-lwrwicz-Uzawa constraint

qualificition ot £ € X if .
. gand A are d ¥ HE
convex and pseudoconcave at i, a:d ifferentiable at , k is both pseudo-

Vgo(#)z > 0
Vgr(z 20
Th(:)z = 0

has a solution z € R~

where
P = {i|g{2) = 0, and g; is pseudoconcave at }
Q = {{ig(%) =0, and g, is not pseudoconcave al Z)

The weak reverse convex constraint qualificalion (sec 10.£.4)

. !.c:t X° be an open set in R*, let g and & be m-dimensional and
k-dimensional vector functions on X, and let

X =|z]z€X°g9(z) S0,h(z) =0}
g and / are said to satisfy the weak reverse constraint qualification at
Z &€ X il g and & are differentiable at £, and if for each
1€1 = [i]g() =0)
cither g, is pseudoconcave at 7 or linear on R", and h is both pseudo-
convex and pseudoconcave at Z.
The modified Arrow-Hurwicz-Uzawa constraint qualification
lMangasarian-Frqmovitz 67a]
Iet X° be an open set in R, let g and h be m-dimensional and
k-dimensional vector functions on X°, and let
X=|[z]z€ X% 9() £0, h(z) = 0]

g and A are said to satisfy the modified Arrow-Hurwicz-Uzawa constraint
qualification al # € X if g is differentiable at Z, & is continuously differen-

in

. i ndependent, pnd
s '}\‘ nre Jinearly

pabtunt 2, WEL = b e
Vet 0> has a solution 2 € R
vA(R)z = 0

where

[=lilg@® =0

Kuhn-Tucker stationary-
2 R, and |

{ vector [

point necessary optimality theorem
et 0, g, and h be respectively a nurier.

Let X° be an open sel 17 s, s kedimensional vecies

ical funclion,daﬁn rr;dl'm;r:smr;ud el bl L ot
function, all defined on A%
problem

£ € X0, g(x) S 0, hz) = 0]
om:g:s(z) EX = (2|2 E

or a local solulion thereof, that 1s,

6(2) = min 6(x) rEXN Bi(£)
SEXNB )

with radius 8. Let 0, g, awd b be

where Bi(2) 12 some open ball urnmul‘ b
differentiable at 2, and let g and h satisfy

(i) the Kuhn-Tucker sonstraint qualificution 2 at i',.u'r ‘ )
(i) the weak Arrow-Hurwicz-Uzawa constraint qualification 3 al £, or

(iii) the weak reverse conver constraint qualification 4 al &, or

(iv) the modificd A rrow-Hurwicz-Uzawa constraint qualification 5 al Z.

Then there ezrist i € R~and a ¥ € R* such that
Vo(£) + uVg(F) + iVA(Z) = 0

9(z) =0

h(z)

A

0
ug() = 0
a0

PROOF  (i)-{ii)-(iii) These parts of the theorem follow from Theorem
10.2.7, parts (i), (i), and (i), by replacing A(z) = 0 in the above theorem
by h(z) £ 0and —h(z) £0.
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_‘ ‘(iv) Al Aweﬂhave to show here is that 7, > 0 in the Fritz Johp

',Lheofem'-l abave, for then we have that #,z = 7/To and & = §/7, satisfy )

[ the Kuhn-Tucker conditions above. We assume now that fo=0and
exhibit a contradiction. . u; | . | -

_ If I = {7]|g(2) = 0] is empty, that is, there are no ‘actjve' con-
straints, then 7 = 0 (since 7g(z) = 0, 72 0 and ¢(z) < 0). Hence by
Theorem 1 R | . ¥ |
§VA(Z) =0 §#0

which contradicts the assumption of 5 that Vhi(Z),1 =1, ...,k are
linearly independent. (If there are no equality constrzints h(z) = 0,
then (7o,F) = 0 contradicts the condition (7,7) # 0 of Theorem I, since

there is no 3.)
If I is nct empty, then by Theorem I we have that

F1Vg:(2) + §VA(Z) = 0

120
(fr,3) = 0.
If 71 = 0, then § # 0, and we have a contradiction to the assumplion of 4
that ©h (1), 7 = 1, . . ., k, are linearly independent (if thereis no §, then

71 = 0 mmplies (7,7) = 0, which contradicts the condition (7o, 7) # 0 of
Theorem 1), If 7 # 0, then 7 > 0. But by 5 there exists a z such that

Voi(z)z > 0 and Ch()z = 0

lHence

f;?g;(f)z ~+ SVh(:E)z >0

which contradicts the equality above that

71Ygi(2) + 5VE(2) = 0 |
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